Classical simulation of slightly entangled quantum systems and quantum computations by Vidal, G

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2all times during the evolution, its state admits a product
decomposition with suÆciently low cardinality m.
For simplicity, we focus our considerations on a quan-
tum computation in the quantum circuit model. Thus




is discrete in time and consists of poly(n) steps (i.e., a
number of steps that grows polynomially with n), with
each step corresponding to either a one-qubit gate or a
two-qubit gate. Recall, however, that any evolution of n
qubits according to single-qubit and two-qubit Hamilto-
nians can be reduced, in a suÆciently accurate way, to
the above circuit model by simply discretizing the evolu-
tion time, so that the present results also apply to that
case [6]. Finally, we shall also consider analog results for
mixed-state dynamics.
We start o by addressing two issues concerning the
product representation in Eq. (3). The rst one are the
conditions under which an n-qubit state j	i admits a
product expansion of cardinality m. These conditions,
related to the amount of entanglement in the system,
characterize the quantum evolutions/computations sus-
ceptible to be eÆciently simulated. The second issue is
a scheme to actually compute product decompositions,
which we need because the mere knowledge that a prod-
uct decomposition with low cardinality exists does not
seem to be of use for the simulation |its explicit expres-
sion is required.
Let C denote a subset of the n qubits and

C the rest of





posed into m product terms as in Eq. (3). Then, quite
trivially, the rank r(
C






j	ih	j is upper bounded by m for any subset
C, that is
cardinality m ) r(
C
)  m 8C; (6)
since at most m linearly independent vectors can be
found in the range of 
C
. But the rank r(
C
) is a measure
of the entanglement between the qubits in C and those
in

C [7]. Therefore the existence of a decomposition with
a low cardinality m implies that, for any partition of the
system into two parts, the system has only little entan-
glement with respect to that partition. We next derive
an approximate reciprocal to Eq. (6).
From now on we assume, for simplicity, that the num-
ber of qubits is n = 2
k
for some integer k. Let   denote a
recursive bipartition of the qubits into balanced subsets,
that is a partition of the 2
k
qubits into two subsets A
and B with 2
k 1
qubits each, followed by a partition of
A (B) into two subsets AA and AB (BA and BB) with
2
k 2
qubits each, and so on until single-qubit subsets are




Lemma 1.| If a recursive bipartition   exists such that







8C 2 fA;B;AA;   g
 
; (7)
then j	i has a product decomposition with cardinality
AAA BBABAAABA
A B
AA AB BA BB
BBBBABABBAAB
5 3 762 1 4 8
FIG. 1: Schematic representation of a recursive bipartition
  in a system of 8 = 2
3
qubits. The lower numbers label the
qubits.








This lemma states that a small amount of entangle-
ment with respect to some bipartite splittings of the sys-
tem (namely those splittings C:

C where C runs over all
subsets of qubits fA;B;AA;AB;    g in  ), implies the
existence of a product decomposition  with moderately
low cardinality m. The proof presented below shows how
to obtain the product decomposition , which is also
needed for the simulation protocol. It is based on ap-
plying the Schmidt decomposition SD recursively, which
is why we call  a recursive Schmidt decomposition RSD.



































the eigenvectors with non-vanishing eigenvalue of the re-




), whereas the coeÆcients
d














with respect to partition   is obtained as
follows. First we compute the SD of j	i for the splitting







rst decomposition we then compute its SD for the split-
ting AA:AB (BA:BB); and so on until the last level of
bipartitions in   is reached.
Proof of lemma 1.| Condition (7) implies that the
number of terms in the SD of j	i according to subsystems
A andB is at most r
max
. This is also the case for each SD
involved in the RSD of j	i according to  . The rst SD
leads at most to r
max
terms; after the second iteration
(involving at most 2r
max
individual Schmidt decompo-
sitions, each one with at most r
max







terms; and so on. Therefore the

































3which proves the lemma.
Let us now consider a quantum computation for which,
at all time steps and for, say, all possible subsets C of the
n qubits, the rank r(
C















whereas the state j	
t+1
i at time t+1 is obtained by ap-



















is either a one-qubit gate or a two-qubit
gate. An outline of the proposed simulation protocol










i which, because of condi-
tion (11) and lemma 1, has cardinality m upper bounded
as in Eq. (8). We then use 
t
to compute an up-
dated decomposition 
t+1
. We need to distinguish two
cases. If U
t+1
























is a two-qubit gate V that acts, say, on
the rst two qubits as in Eq. (5), we proceed in two steps:








(5) we readily obtain a product decomposition ~
t+1
of
cardinality 2m; (ii) we use ~
t+1





















What is the computational cost of this simulation
protocol? Given the RSD 
t







, (m) operations suÆce to account for a
single-qubit gate and produce the new 
t+1
, whose cardi-
nality is stillm. In the case of a two-qubit gate, the prod-
uct decomposition ~
t+1
can again be computed from 
t





) operations. Computing the
RSD 
t+1
requires, however, matrix manipulations on a
Hilbert space whose dimension grows exponentially with
n. Fortunately, we can use ~
t+1
to drastically reduce the
size of the computation.
Lemma 2.| Let  
0
be a recursive bipartition of n =
2
k




a state that fullls condition
(7). Finally, let  be a product decomposition for j	i
with cardinality m



















Since the cardinality of ~
t+1







), this lemma implies that we are able to
compute 
t+1







Proof of lemma 2.| Without loss of generality we
assume that in  
0
the rst half of the qubits belong to A
and the second half to B. In order to compute the rst
SD of the RSD with respect to  
0
, we introduce two sets

























































































































































From equation (24) we can now compute the Schmidt













































Crucially, all the above matrix manipulations take











) of the 2
n
-dimensional vector space of the n
qubits, and  gives us a description of this subspace. In
particular, computing the Gram matrix of scalar prod-































and each scalar product requires (n) operations. From
the Gram matrices for parts A and B it takes poly(m

)
operations to identify maximal subsets of linearly inde-
pendent vectors and to rewrite j	i as in Eq. (24). From
there poly(r
max
) operations suÆce to perform the matrix
manipulations that lead to Eqs. (25)-(26). Thus the cost
of the rst SD is of at most n poly(m

) operations.














Therefore computing the SD of each of these (at most)
2r
max
vectors will require n poly(r
max
) basic operations
at the second step of the RSD. The same number of op-









SDs have to be performed, each one re-
quiring n poly(r
max
) basic operations. Since the RSD
method has to be iterated log
2
n times, we nally have a
















which equals Eq. (17), proving lemma 2.
We can nally move to announce our main results,
which are proved by direct substitution of the appropiate
expression of r
max
in Eq. (18). We consider a quantum
computation with n qubits as discussed above, where the
number of time steps is poly(n) and condition (11) holds
[8].
Theorem 1.| If r
max
does not grow with n, then the
quantum computation can be classically simulated with
poly(n) operations.
Theorem 2.| If r
max
grows as poly(n), then the
quantum computation can be classically simulated with
exp[poly(log n)] operations.
Theorem 1 states that if the amount of entanglement
is bounded as a function of n, then a quantum computa-
tion can be eÆciently simulated by a classical computer.
In turn, Theorem 2 states that even when the entangle-
ment grows only moderately with n (i.e., when r
max
=
poly(n) instead of growing, say, as exp(n) [9]), a classical
simulation with sub-exponential computational overhead
is possible, thus ruling out an exponential speed-up from
that quantum computation.
In the above theorems, requirement (11) can still be re-





for the subsets C of qubits
specied by a (possibly time-dependent) recursive bipar-
tition  , as long as we know   [10]; (ii) at the expenses of
a tolerable inaccuracy, a more eÆcient simulation (with
smaller r
max














but with lower rank.
So far we have only considered pure-state dynamics.





need only recall that density matrices belong to the vec-
tor space of linear operators. By using product expan-
sions and the Schmidt decomposition in this space, one
can readily rederive the above results, but with the role
of entanglement replaced with correlations, let them be
classical or quantum.
Finally, the above simulation protocol may be applied
as a tool for the study of quantum systems [11]. Spe-
cially promising is the case of spin-chain systems. The
ndings of [12] suggest that, at zero temperature, a non-
critical spin-chain meets the conditions for an eÆcient
classical simulation. Instead, at a quantum phase tran-
sition the simulation would require exp[poly(log n)] op-
erations, whereas simulating generic spin lattices in two
or more dimensions by the present protocol seems expo-
nentially hard. Perhaps, through a better understanding
of multipartite entanglement a classication of quantum
phenomena from a computational complexity viewpoint
can be eventually issued.
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